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Let F [X] be the Pixley–Roy hyperspace of a regular space X . In this paper, we prove the
following theorem.
Theorem. For a space X, the following are equivalent:
(1) F [X] is a k-space;
(2) F [X] is sequential;
(3) F [X] is Fréchet–Urysohn;
(4) Every ﬁnite power of X is Fréchet–Urysohn for ﬁnite sets;
(5) Every ﬁnite power ofF [X] is Fréchet–Urysohn for ﬁnite sets.
As an application, we improve a metrization theorem on F [X].
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, all spaces are assumed to be regular. The symbol N is the set of all positive integers. Unexplained notions
and terminology are the same as in [4].
For a space X , let F [X] be the space of all nonempty ﬁnite subsets of X with the Pixley–Roy topology [16]: for A ∈ F [X]
and an open set U ⊂ X , let
[A,U ] = {B ∈ F[X]: A ⊂ B ⊂ U};
the family {[A,U ]: A ∈ F [X], U open in X} is a base for the Pixley–Roy topology. For each n ∈ N, we put Fn[X] =
{A ∈ F [X]: |A|  n}. Each Fn+1[X] \ Fn[X] is a discrete space. It is known that F [X] is always zero-dimensional, com-
pletely regular and every subspace of F [X] is metacompact: see [3].
The following facts are used in the next section.
Lemma 1.1. ([17, Proposition 1.2]) Let Y be a subspace of a space X. Then F [Y ] is homeomorphic to the closed subspace {A ∈ F [X]:
A ⊂ Y } of F [X].
Lemma 1.2. ([13, Theorem 2.8]) For spaces X1, . . . , Xk, F [X1] × · · · × F [Xk] can be embedded as a closed subspace of F [X1 × · · ·
× Xk].
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For a space X and a point x ∈ X , a family P of nonempty subsets of X is said to be a π -network at x if every
neighborhood of x contains some member of P . According to Gruenhage and Szeptycki [10,11], a space X is said to be
Fréchet–Urysohn for ﬁnite sets (abbr., FUﬁn) if for every point x ∈ X and a π -network P at x consisting of ﬁnite subsets of X ,
there is a sequence {Pn: n ∈ ω} ⊂ P converging to x (i.e., every neighborhood of x contains Pn for all but ﬁnitely many
n ∈ ω). This notion was ﬁrst studied in Reznichenko and Sipacheva [19] systematically. For example, they showed in [19,
Propositions 1 and 6] that (1) if X is an FUﬁn space with a unique non-isolated point, then every ﬁnite power of X is
also FUﬁn , (2) if a space X is FUﬁn , then for every point x ∈ X and a sequence {Pn: n ∈ ω} of π -networks at x consisting of
ﬁnite subsets of X , there are Pn ∈ Pn (n ∈ ω) such that {Pn: n ∈ ω} converges to x. In particular, every FUﬁn space is strongly
Fréchet–Urysohn, where a space X is said to be strongly Fréchet–Urysohn [22] (or, countably bi-k [14]) if for every point x ∈ X
and a decreasing sequence {An: n ∈ ω} of subsets of X , x ∈⋂n∈ω An implies that there are points xn ∈ An (n ∈ ω) such that
xn → x (n → ∞).
The following is the main theorem of this paper, and it follows from Lemmas 2.2 and 2.3 below.
Theorem 2.1. For a space X, the following are equivalent:
(1) F [X] is a k-space;
(2) F [X] is sequential;
(3) F [X] is Fréchet–Urysohn;
(4) every ﬁnite power of X is FUﬁn;
(5) every ﬁnite power of F [X] is FUﬁn.
Let S2 = {∞} ∪ ω ∪ (ω × ω) be the Arens space [4, 1.6.19]: each (n,m) ∈ ω × ω is isolated in S2, for each n ∈ ω {n} ∪
{(n,m): m ∈ ω} is the convergent sequence with the limit n and basic open neighborhoods of ∞ are of the form N( f ,k) =
{∞} ∪ {n: n  k} ∪ {(n,m): n  k, m  f (n)}, where k ∈ ω and f ∈ ωω . There is no sequence in ω × ω converging to ∞.
This space S2 is sequential, but not Fréchet–Urysohn.
Lemma 2.2. If F [X] is a k-space, then it is Fréchet–Urysohn.
Proof. Assume that F [X] is a k-space. First we observe that F [X] is sequential. Let K be a compact subset of F [X]. Since
every Tychonoff pseudocompact metacompact space is compact [21, Corollary 3] and every subset of F [X] is metacompact,
every pseudocompact subset of K is compact. Hence, by Zhou’s theorem [25] (if a compact Hausdorff space satisﬁes that
every pseudocompact subset is closed, then it is Fréchet–Urysohn), K is Fréchet–Urysohn. Therefore F [X] is sequential (in
particular, it has countable tightness).
Next we observe that X can be countable. Let A ∈ A for A ∈ F [X] and A ⊂ F [X]. By countable tightness of F [X], there
is a countable subset B ⊂ A such that A ∈ B. Let Y = A ∪ (⋃{B: B ∈ B}). Then, in view of Lemma 1.1, the subspace {A} ∪ B
of F [X] can be embedded into the closed (hence, sequential) subspace F [Y ]. Therefore, to ﬁnd a sequence in B converging
to A, we have only to show that the sequential space F [Y ] is Fréchet–Urysohn. Hence we may assume that X (equivalently,
F [X]) is countable.
Now let F [X] be countable and sequential. We show that F [X] is Fréchet–Urysohn. Assume the contrary. Since F [X]
is hereditarily normal, by Kannan [12, Corollary 2.3] (if a hereditarily normal sequential space is not Fréchet–Urysohn, then
it contains a subspace which is homeomorphic to S2), the Arens space S2 can be embedded into F [X]. Let ϕ : S2 → F [X]
be an embedding, and let ϕ(∞) = F , ϕ(n) = Fn and ϕ((n,m)) = Fn,m . Considering the open neighborhoods [F , X] of F and
[Fn, X] of Fn , we may assume F ⊂ Fn ⊂ Fn,m for all n,m ∈ ω. Let F =⋂{Gk: k ∈ ω}, where each Gk is an open subset of X
containing F and Gk+1 ⊂ Gk (k ∈ ω) are satisﬁed. By a simple observation, for each k ∈ ω we can choose a strictly increasing
sequence {nkl : l ∈ ω} in ω and a sequence {mkl : l ∈ ω} in ω such that:
(1) {nkl : l ∈ ω} ∩ {nk
′
l : l ∈ ω} = ∅ for all k 
= k′ ,
(2) {Fnkl } ∪ {Fnkl ,m: mm
k
l } ⊂ [F ,Gk+l] for all l ∈ ω.
Since the space {F } ∪ {Fnkl : k, l ∈ ω} ∪ {Fnkl ,m: k, l ∈ ω, m m
k
l } is homeomorphic to S2, we may assume mkl = 0 for all
k, l ∈ ω. Therefore, we may assume that for all k, l ∈ ω, the following condition
{Fnkl } ∪ {Fnkl ,m: m ∈ ω} ⊂ [F ,Gk+l] · · · (∗)
is satisﬁed. For each k ∈ ω, l ∈ N and m nkl , we put
Ank,m = Fnk,m ∪
(⋃{
Fnk , j: n
k
l  j m
})
.l l 0
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Ak,l =
{
Ankl ,m
: m nkl
}
.
We observe that each Ak,l is closed and discrete in F [X]. Assume the contrary. Since F [X] is sequential, there are a point
B ∈ F [X] and a sequence {Ankl ,mi : i ∈ ω} ⊂ Ak,l such that Ankl ,mi → B (i → ∞), where n
k
l m0 <m1 < · · · . By Fnk0,m → Fnk0
(m → ∞), the set ⋃{Fnk0,m: m  n
k
l } is inﬁnite. Hence there is a point p ∈ (
⋃{Fnk0,m: m  n
k
l }) \ B . Since p ∈ Ankl ,mi for all
but ﬁnitely many i ∈ ω, the neighborhood [B, X \ {p}] of B contains only ﬁnitely many Ankl ,mi . This is a contradiction.
We observe that for each k ∈ ω, ⋃{Ak,l: l ∈ N} is closed and discrete in F [X]. Assume the contrary. Then there are a
point B ∈ F [X] and a sequence {Ankli ,mi : i ∈ ω} ⊂
⋃{Ak,l: l ∈ N} such that Ankli ,mi → B (i → ∞), where 1 l0 < l1 < · · · and
mi  nkli (i ∈ ω). Since each Ankli ,mi contains Fnk0 , Fnk0 ⊂ B holds. We show B = Fnk0 . Assume that there is a point p ∈ B \ Fnk0 .
By virtue of
⋃{Fnk0, j: n
k
li
 j mi} → Fnk0 (i → ∞), considering the open neighborhood [Fnk0 , X \ {p}] of Fnk0 , we have p /∈⋃{Fnk0, j: n
k
li
 j mi} for all but ﬁnitely many i ∈ ω. Moreover, by the condition (∗), Fnkli ,mi ⊂ Gk+li for all i ∈ ω. This implies
p /∈ Fnkli ,mi for all but ﬁnitely many i ∈ ω. Thus p /∈ Ankli ,mi for all but ﬁnitely many i ∈ ω. On the other hand, considering the
neighborhood [B, X] of B , we have p ∈ B ⊂ Ankli ,mi for all but ﬁnitely many i ∈ ω. This is a contradiction. Thus B = Fnk0 . Take
some j  1 with (Fnk0 \ F )∩Gk+ j = ∅. Take an open set W ⊂ X such that F ⊂ W ⊂ Gk+ j and Fnkli ,mi /∈ [F ,W ] for all i ∈ ω (i.e.,
Fnkli ,mi
\ W 
= ∅ for all i ∈ ω). Since Ankli ,mi → Fnk0 (i → ∞), considering the open neighborhood [Fnk0 ,W ∪ (X \ Gk+ j)] of Fnk0 ,
we have Fnkli ,mi
⊂ W ∪(X \Gk+ j) for all but ﬁnitely many i ∈ ω. Take some i ∈ ω such that li  j and Fnkli ,mi ⊂ W ∪(X \Gk+ j).
By the condition (∗), Fnkli ,mi ⊂ Gk+li . Therefore
Fnkli ,mi
⊂ Gk+li ∩
(
W ∪ (X \ Gk+ j)
)⊂ Gk+ j ∩
(
W ∪ (X \ Gk+ j)
)= W .
This is a contradiction.
We observe that
⋃{Ak,l: k ∈ ω, l ∈ N} is closed and discrete in F [X]. Assume the contrary. Then there are a point
B ∈ F [X] and a sequence {A
n
ki
li
,mi
: i ∈ ω} ⊂ ⋃{Ak,l: k ∈ ω, l ∈ N} such that Ankili ,mi
→ B (i → ∞), where k0 < k1 < · · · ,
li  1 (i ∈ ω) and mi  nkili (i ∈ ω). Since each Ankili ,mi
contains F , F ⊂ B holds. We show B = F . By the condition (∗), F
n
ki
0 ,m
∈
[F ,Gki ] for all m ∈ ω, hence
⋃{F
n
ki
0 , j
: nkili  j mi} ⊂ Gki for all i ∈ ω. By the condition (∗) again, Fnkili ,mi
∈ [F ,Gki+li ] for
all i ∈ ω, hence F
n
ki
li
,mi
⊂ Gki+li ⊂ Gki for all i ∈ ω. Therefore Ankili ,mi
⊂ Gki for all i ∈ ω. Considering the open neighborhood
[B, X] of B , we have B ⊂⋂{Gki : i ∈ ω} = F . Thus B = F . Hence Ankili ,mi
→ F (i → ∞), in particular we have F
n
ki
li
,mi
→ F
(i → ∞). This is a contradiction.
Let A =⋃{Ak,l: k ∈ ω, l ∈ N}. In spite of the observation above, we can see F ∈ A \ A. Obviously F /∈ A. Let [F ,U ]
be an open neighborhood of F . Since Fnk0
→ F (k → ∞), there is some k ∈ ω such that {Fnk0 } ∪ {Fnkl : l ∈ N} ⊂ [F ,U ]. By
Fnk0
∈ [F ,U ], there is some l ∈ N such that Fnk0,m′ ∈ [F ,U ] for all m
′  nkl . By Fnkl ∈ [F ,U ], there is some m  n
k
l such that
Fnkl ,m
∈ [F ,U ]. Then we have Ankl ,m ∈ [F ,U ].
Consequently we conclude that F [X] must be Fréchet–Urysohn. 
In this paragraph, let X = ω ∪ {∞} be a space with a unique non-isolated point ∞. Let G = ([ω]<ω,) be the group
with the symmetric difference operation , where [ω]<ω is the set of all ﬁnite subsets of ω. For each open neighborhood U
of ∞, let VU = {F ∈ G: F ⊂ U }. This deﬁnes a neighborhood base at ∅ ∈ G making G a topological group. Reznichenko and
Sipacheva [19] proved that X is FUﬁn if and only if G is Fréchet–Urysohn. On the other hand, consider the subspace [{∞}, X]
of F [X] (i.e., it is the space of all non-isolated points in F [X]). For A, B ∈ [{∞}, X], deﬁne A + B = {∞} ∪ (AB). Then it
is easy to check that ([{∞}, X],+) is a topological group and naturally isomorphic to the topological group G . Therefore
we can have that F [X] is Fréchet–Urysohn if and only if X is FUﬁn . However this equivalence follows from the following
general characterization.
Lemma 2.3. For a space X, the following are equivalent:
(1) F [X] is Fréchet–Urysohn;
(2) every ﬁnite power of X is FUﬁn;
(3) every ﬁnite power of F [X] is FUﬁn.
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(1) → (2): Fix k ∈ N and a point x = (x1, . . . , xk) ∈ Xk . Let P be a π -network at x consisting of ﬁnite subsets of Xk .
We take an open neighborhood Ui of xi such that Ui = U j if xi = x j , and Ui ∩ U j = ∅ if xi 
= x j . Let A = {x1, . . . , xk} and
U = U1 ∪ · · · ∪ Uk . Let
D = {F ∈ [A,U ]: there is a member P ∈ P with P ⊂ (U1 × · · · × Uk) ∩ Fk
}
.
We observe A ∈ D. Take any basic open neighborhood [A, V ] of A. Since (U1 ∩ V )× · · ·× (Uk ∩ V ) is an open neighborhood
of x, there is a member P ∈ P with P ⊂ (U1 ∩ V ) × · · · × (Uk ∩ V ). Let F = A ∪ p1(P ) ∪ · · · ∪ pk(P ), where pi is the
projection of Xk to the i-th coordinate. Obviously F ∈ [A, V ] ∩ [A,U ]. Since Fk contains P , P ⊂ (U1 × · · · × Uk) ∩ Fk , thus
F ∈ [A, V ] ∩ D. Since F [X] is Fréchet–Urysohn, there is a sequence {Fn: n ∈ ω} ⊂ D converging to A. For each Fn , take a
member Pn ∈ P such that Pn ⊂ (U1 × · · · × Uk) ∩ (Fn)k . We observe that {Pn: n ∈ ω} converges to x. Let W1 × · · · × Wk
be an open neighborhood of x, where Wi is an open neighborhood of xi such that Wi ⊂ Ui , and Wi = W j if xi = x j . Take
n0 ∈ ω such that Fn ∈ [A,W1 ∪ · · · ∪ Wk] for all n n0. Then, for all n n0 we have
Pn ⊂ (U1 × · · · × Uk) ∩ (Fn)k ⊂ (U1 × · · · × Uk) ∩ (W1 ∪ · · · ∪ Wk)k = W1 × · · · × Wk.
(2) → (1): Let A = {x1, . . . , xk} ∈ F [X] and assume A ∈ A \ A for A ⊂ F [X]. Take an open neighborhood Ui of xi such
that Ui ∩ U j = ∅ if i 
= j. Since [A,U1 ∪ · · · ∪ Uk] is an open neighborhood of A, we may assume that every B ∈ A satisﬁes
A ⊂ B ⊂ U1 ∪ · · · ∪ Uk . Let
P = {(U1 ∩ B) × · · · × (Uk ∩ B): B ∈ A
}
.
Obviously each member of P is nonempty and ﬁnite. We observe that P is a π -network at the point x = (x1, . . . , xk) ∈ Xk .
Let W1 ×· · ·×Wk be an open neighborhood of the point x, where Wi ⊂ Ui (i  k). Take a point B ∈ [A,W1 ∪ · · · ∪Wk] ∩A.
Then
(U1 ∩ B) × · · · × (Uk ∩ B) = (W1 ∩ B) × · · · × (Wk ∩ B) ⊂ W1 × · · · × Wk.
Thus P is a π -network at x. Since Xk is FUﬁn , there is a sequence {Pn: n ∈ ω} ⊂ P converging to x. Let Pn = (U1 ∩ Bn) ×
· · · × (Uk ∩ Bn), where Bn ∈ A. We observe that the sequence {Bn: n ∈ ω} converges to A. Take a basic open neighborhood
[A, V ] of A. Since (U1 ∩ V ) × · · · × (Uk ∩ V ) is an open neighborhood of x, there is an n0 ∈ ω such that for all n n0
Pn = (U1 ∩ Bn) × · · · × (Uk ∩ Bn) ⊂ (U1 ∩ V ) × · · · × (Uk ∩ V ).
Since Bn is contained in U1 ∪ · · · ∪ Uk ,
Bn = (U1 ∩ Bn) ∪ · · · ∪ (Uk ∩ Bn) ⊂ (U1 ∩ V ) ∪ · · · ∪ (Uk ∩ V ) ⊂ V .
Hence Bn ∈ [A, V ] for all n n0.
(1) → (3): First we show that F [X] is FUﬁn . Let A ∈ F [X] and let P = {Aα: α < κ} be a π -network at A consisting
of ﬁnite subsets of F [X]. Without loss of generality, we may assume Aα ⊂ [A, X] for all α < κ (i.e., every member of⋃
α<κ Aα contains A). For each α < κ , let Aα =
⋃Aα . Note that for a basic open neighborhood [A,U ] of A, Aα ∈ [A,U ]
if and only if Aα ⊂ [A,U ]. We observe A ∈ {Aα: α < κ}. Take any basic open neighborhood [A,U ] of A. Then there is an
α < κ with Aα ⊂ [A,U ], hence Aα ∈ [A,U ]. Since F [X] is Fréchet–Urysohn, there is a sequence {Aαn : n ∈ ω} converging
to A. Then {Aαn : n ∈ ω} converges to A. Thus F [X] is FUﬁn . For each n ∈ N, by Lemma 1.2 the n-times product F [X]n
can be embedded into F [Xn]. Since every ﬁnite power of Xn is FUﬁn , F [Xn] is Fréchet–Urysohn, so it is FUﬁn . Hence the
subspace F [X]n of F [Xn] is also FUﬁn . 
Let Sω = {∞}∪ {(n,m): n,m ∈ ω} be the sequential fan, where every (n,m) is isolated in Sω and a basic open neighbor-
hood of ∞ is of the form N( f ) = {∞} ∪ {(n,m): n ∈ ω, m f (n)} for a function f ∈ ωω . Obviously Sω is Fréchet–Urysohn,
but not strongly Fréchet–Urysohn.
Since every FUﬁn space is strongly Fréchet–Urysohn, we have the following.
Corollary 2.4. Neither F [S2] nor F [Sω] is a k-space.
For a space X , let F1[X] = F [X], and let Fn[X] = F [Fn−1[X]] for n  2. By Lemma 2.3, we have immediately the
following.
Corollary 2.5. If F [X] is Fréchet–Urysohn, then Fn[Xm] is FUﬁn for all n,m ∈ N.
Concerning Theorem 2.1, Gerlits and Nagy [8,7], and independently Pytkeev [18] proved that in the function space Cp(X)
the k-space property, sequentiality and the Fréchet–Urysohn property coincide, where Cp(X) is the function space over a
Tychonoff space X with the topology of pointwise convergence. Concerning the duality between topological properties of
a space X and the space F [X], Daniels [2] and Scheepers [20] investigated the duality between covering properties of a set
X ⊂ R and the space F [X] and proved that some of those covering properties coincide in F [X].
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A space is said to be Lašnev if it is the closed image of a metric space, and a space X is said to be a quasi-k-space if it
satisﬁes that a subset A ⊂ X is closed in X if and only if A ∩ K is closed in K for every countably compact subset K ⊂ X .
Since every countably compact metacompact space is compact, every quasi-k-space F [X] is a k-space.
Tanaka claimed that the following theorem holds.
Theorem 3.1. ([24, Theorem 1.1]) For a space X, the following are equivalent:
(1) F [X] is metrizable;
(2) F [X] is Lašnev;
(3) F [X] is a paracompact perfectly normal quasi-k-space.
In this section, we note that the implication (3) → (1) is incorrect, and improve the implication (2) → (1).
Lemma 3.2. ([3,13]) For a space X, the following are equivalent:
(1) X is ﬁrst-countable;
(2) F2[X] is ﬁrst-countable;
(3) F [X] is a Moore space.
Example 3.3. Under CH (the continuum hypothesis), there is a countable Fréchet–Urysohn space F [X] which is not metriz-
able.
Proof. Under CH, there is an uncountable γ -set F [6]. For this γ -set F , consider the countable space XF with a unique
non-isolated point constructed in [10, Example 1]. This space XF is FUﬁn (every ﬁnite power of it is also FUﬁn) and not
ﬁrst-countable [10, Theorem 6]. Therefore, by Theorem 2.1 and Lemma 3.2, F [XF ] is a countable Fréchet–Urysohn space
which is not metrizable. 
It is open [10, Question 1] whether in ZFC there is a countable FUﬁn space which is not ﬁrst-countable. If there were
a model of set theory satisfying that every countable FUﬁn space is ﬁrst-countable, then every countable Fréchet–Urysohn
F [X] would be metrizable in the model.
Let P be a family of subsets of a space X . According to [15], P is said to be a k-network for X if for each compact subset
K ⊂ X and an open set U ⊂ X containing K , there is a ﬁnite subfamily Q ⊂ P such that K ⊂⋃Q ⊂ U .
We show the following metrization theorem.
Theorem 3.4. For a space X, F [X] is a Moore space if and only if it is a k-space and F2[X] has a point-countable k-network. Hence,
F [X] is metrizable if and only if it is a paracompact k-space and F2[X] has a point-countable k-network.
Proof. Assume that F [X] is a Moore space. Then, since F [X] is a metacompact Moore space, it has a point-countable base.
Therefore F [X] is a k-space and F2[X] has a point-countable k-network. Conversely assume that F [X] is a k-space and
F2[X] has a point-countable k-network. By Theorem 2.1, F2[X] is strongly Fréchet–Urysohn. Gruenhage, Michael and Tanaka
[9, Corollary 3.6] showed that every strongly Fréchet–Urysohn space with a point-countable k-network has a point-countable
base. Therefore F2[X] has a point-countable base. By Lemma 3.2, F [X] is a Moore space. The latter part on metrizability
follows from Bing’s metrization criterion [4, 5.4.1, p. 329]. 
Corollary 3.5. If F [X] is a paracompact k-space with a point-countable k-network, then it is metrizable.
Every Lašnev space is paracompact and a k-space. Moreover every Lašnev space has a point-countable k-network: for
example see [5]. Hence we have:
Corollary 3.6. If F [X] is Lašnev, then it is metrizable.
Alternatively, to show the preceding corollary, we may use that every strongly Fréchet–Urysohn Lašnev space is metriz-
able.
Example 3.7. (1) Let R be the real line. Since F [R] is a metacompact Moore space, it has a point-countable base. But F [R]
is not metrizable [16].
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{A ∈ F [Sω]: A ⊂ Tn}. Then F [Sω] =⋃{Xn: n ∈ ω} and it is easy to check that every compact subset of F [Sω] is contained
in some Xn . Since each Xn is homeomorphic to F [Tn], it is metrizable. Therefore, if Bn is a countable base for Xn , B =⋃{Bn: n ∈ ω} is a countable k-network. Thus F [Sω] is countable and has a countable k-network, but not ﬁrst-countable.
(3) Let A(ω1) be the one-point compactiﬁcation of the discrete space of cardinality ω1. Then F [A(ω1)] is a paracompact
Fréchet–Urysohn space which is not ﬁrst-countable. Paracompactness of F [A(ω1)] follows from Przymusin´ski [17, Theo-
rem 4.2]. The Fréchet–Urysohn property of F [A(ω1)] follows from Theorem 2.1. In fact, it is easy to see that A(ω1) is FUﬁn .
Supplementarily we show that each Fn[Sω] is sequential. Therefore, in Theorem 3.4 we cannot replace the condition
“F [X] is a k-space” by “each Fn[X] is sequential”.
Lemma 3.8. Fix n ∈ N, and assume that Fn[Sω] is sequential. If A ⊂ Fn+1[Sω] \ Fn[Sω] and A = {{∞}} ∪ A are satisﬁed, then A
contains a sequence converging to the point {∞}.
Proof. If n = 1, our statement is true, in fact note that F1[Sω] (resp., F2[Sω]) is homeomorphic to ω (resp., Sω). Assume
n 2. Considering the neighborhood [{∞}, Sω] of {∞}, we may assume ∞ ∈ A for all A ∈ A. Let A = {Ak: k ∈ ω}. For each
k ∈ ω, take a point (nk,mk) ∈ Ak \ {∞} such that (n,m) ∈ Ak implies nk  n. Let Bk = Ak \ {(nk,mk)} and let B = {Bk: k ∈ ω}.
Then obviously {∞} ∈ B \ B. Since Fn[Sω] is sequential by our assumption, there is a sequence {Bk j : j ∈ ω} ⊂ B converging
to some point B ∈ Fn−1[Sω]. Since the set {B} ∪ {Bk j : j ∈ ω} is compact, there is an l ∈ ω such that
⋃{Bk j : j ∈ ω} ⊂{(n,m): n l, m ∈ ω}. Then automatically ⋃{Ak j : j ∈ ω} ⊂ {(n,m): n l, m ∈ ω}. Assume that {(nk j ,mkj ): j ∈ ω} is ﬁnite.
Then there is a (p,q) ∈ {(n,m): n l, m ∈ ω} such that J = { j ∈ ω: (p,q) = (nk j ,mkj )} is inﬁnite. If j ∈ J , then
Ak j = Bk j ∪
{
(nk j ,mk j )
}= Bk j ∪
{
(p,q)
}
and these converge to B ∪ {(p,q)} ∈ Fn[Sω]. Thus A  B ∪ {(p,q)} 
= {∞}, this is a contradiction. Hence {(nk j ,mkj ): j ∈ ω}
is inﬁnite. In this case, there are an l′  l and an inﬁnite subset J ⊂ ω such that for each j ∈ J , (nk j ,mkj ) = (l′,mkj ) and{mkj : j ∈ ω} is strictly increasing. If j ∈ J , then
Ak j = Bk j ∪
{
(nk j ,mk j )
}= Bk j ∪
{(
l′,mk j
)}
and these converge to B , because {(l′,mkj ): j ∈ J } converges to ∞ and ∞ ∈ B . By A = {{∞}} ∪ A, we have B = {∞}. 
Theorem 3.9. For each n ∈ N, Fn[Sω] is sequential.
Proof. Assume that Fn[Sω] is sequential. We show that Fn+1[Sω] is sequential. Let A be a non-closed subset of Fn+1[Sω].
We have to ﬁnd a sequence in A converging to a point in Fn+1[Sω] \ A. Since Fn[Sω] is sequential, we may assume that
A ∩ Fn[Sω] is closed in Fn+1[Sω]. Let
k = max{m: 1m n, (A \ A) ∩ (Fm[Sω] \ Fm−1[Sω]
) 
= ∅},
where F0[Sω] = ∅. Fix a point A ∈ (A \ A) ∩ (Fk[Sω] \ Fk−1[Sω]). Take an open subset U ⊂ Sω such that A ⊂ U and
[A,U ]∩A∩Fn[Sω] = ∅. Let B = A∩[A,U ]. Then obviously B = B ∪{A}. If k = 1, then A = {∞}. By Lemma 3.8, we can take
a sequence in B converging to A = {∞}. Thus we assume 2 k n. Let A = {∞}∪ A′ , where A′ ⊂ Sω \ {∞} and |A′| = k−1.
We consider the map DA′ : [A,U ] → F [Sω] deﬁned by DA′ (F ) = F \ A′ . It is a routine to check that DA′ is an embedding of
[A,U ] into F [Sω], DA′ (A) = {∞} and DA′ ([A,U ]) = [{∞},U \ A′]. Hence DA′ (B) = DA′ (B) ∪ {{∞}} ⊂ Fn[Sω]. Since Fn[Sω]
is sequential, DA′ (B) contains a sequence converging to {∞}. In other words, B contains a sequence converging to A. 
We note that F3[Sω] is not Fréchet–Urysohn. For each n ∈ ω, let An = {{∞, (0,n), (n + 1,m)}: m ∈ ω}, and let A =⋃{An: n ∈ ω}. Then {∞} ∈ A \ A, but there is no sequence in A converging to {∞}.
4. Remarks on weak-bases forF[X]
Concerning metrizability of F [X], we investigate weak-bases for F [X]. Let X be a space. For each point x ∈ X , let Bx be
a family of subsets of X . According to [1], B =⋃{Bx: x ∈ X} is said to be a weak-base for X if it satisﬁes (1) every member
of Bx contains x, (2) for B0, B1 ∈ Bx , there is a B ∈ Bx such that B ⊂ B0 ∩ B1 and (3) G ⊂ X is open if and only if for each
x ∈ G there is a B ∈ Bx with B ⊂ G . A space X is said to be g-ﬁrst countable (resp., g-metrizable) [23] if it has a weak-base
B =⋃{Bx: x ∈ X} such that each Bx is countable (resp., B is σ -locally ﬁnite). Every g-metrizable space is g-ﬁrst-countable.
Lemma 4.1. If F2[X] is sequential, then it is Fréchet–Urysohn.
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in F2[X], then A = {x} for some non-isolated point x ∈ X and [A, X] ∩ F2[X] is an open-and-closed neighborhood of A
in F2[X]. Since [A, X] ∩ F2[X] is sequential and all points in it but A is isolated, [A, X] ∩ F2[X] is a Fréchet–Urysohn
neighborhood of A. 
Proposition 4.2. For a space X, the following are equivalent:
(1) F [X] is g-ﬁrst-countable;
(2) F2[X] is g-ﬁrst-countable;
(3) F [X] is a Moore space.
Proof. The implications (1) → (2) and (3) → (1) are trivial.
(2) → (3): Assume that F2[X] is g-ﬁrst-countable. Since every g-ﬁrst-countable space is sequential [1], F2[X] is sequen-
tial. By Lemma 4.1, F2[X] is Fréchet–Urysohn. Since every g-ﬁrst-countable Fréchet–Urysohn space is ﬁrst-countable [1],
F2[X] is ﬁrst-countable. By Lemma 3.2, F [X] is a Moore space. 
Since every Fréchet–Urysohn g-metrizable space is metrizable [23, Theorem 1.10], we have:
Corollary 4.3. For a space X, F [X] is g-metrizable if and only if it is metrizable.
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